Recently, we have shown theoretically as well as experimentally how the phase of an electromagnetic field can be determined by measuring the population of either of the two states of a two-level atomic system excited by this field, via the so-called Bloch-Siegert oscillation resulting from the interference between the co-and counter-rotating excitations. Here, we show how a degenerate entanglement, created without transmitting any timing signal, can be used to teleport this phase information. This phase-teleportation process may be applied to achieve wavelength teleportation, which in turn may be used for frequency-locking of remote oscillators.
oscillator. We discuss the potential constraints and advantages of this approach after presenting the scheme in detail.
Consider first a situation where Alice and Bob each has an atom that has two degenerate ground states (|1> and |2>), each of which is coupled to a higher energy state (|3>), as shown in figure 1 . We assume the 1-3 and 2-3 transitions are magnetic dipolar, and orthogonal to each other, with a transition frequency ω. For example, in the case of 87 Rb, |1> and |2> correspond to 5 2 P 1/2 :|F=1,m F =-1> and 5 2 P 1/2 :|F=1,m F =1> magnetic sublevels, respectively, and |3> corresponds to 5 2 P 1/2 :|F=2,m F =0> magnetic sublevel 10 . Left and right circularly polarized magnetic fields, perpendicular to the quantization axis, are used to excite the 1-3 and 2-3 transitions, respectively. We take ω to be the same as the oscillator frequency ω c .
We assume that Alice and Bob's fields at ω have the form B A =B ao Cos(ωt+φ) and B B =B bo Cos(ωt+χ) , respectively. The origin of the time variable, t, is therefore arbitrary, and does not affect the phase difference, Ω≡(φ-χ). The oscillators are assumed to be in phase if Ω=0, so that if Bob determines that at some instant his magnetic field is maximum and positive in some direction r b , then Alice will also find her magnetic field to be maximum and positive in some direction r a at the same instant. As long as Alice and Bob agree on this definition of phaselocking, and use the same definitions all the time, then r b and r a do not have to be the same. During the magnetic resonance excitations, the value of any dc magnetic field will be assumed to be vanishing. Symmetry then dictates that any physical observable will be independent of the choice of the quantization axis, as long as it is perpendicular to r a for Alice, and perpendicular to r b for Bob. In order to describe our protocol, we now summarize briefly the theory behind the Bloch-Siegert oscillation that occurs when a two-level interaction is considered without the rotating wave approximation (RWA) [13] [14] [15] [16] , and is presented in greater detail in ref. 8 . We also describe the condition for the time reversal of an arbitrary evolution under this condition, another necessary element of our protocol.
We consider an ideal two-level system where a ground state |1> is coupled to a higher energy state |2>. We assume that the 1-2 transition is magnetic dipolar, with a transition frequency ω, and the magnetic field is of the form B=B 0 Cos(ωt+φ). In the dipole approximation, the Hamiltonian can be written as:
where
σ are the Pauli matrices, and ε=ω corresponding to resonant excitation. The state vector is written as:
We perform a rotating wave transformation by operating on |ξ(t)> with the unitary operator Q:
The Schroedinger equation then takes the form (setting h=1):
, where the effective Hamiltonian is given by:
with α(t)= -g o [exp(-i2ωt-i2φ)+1]/2, and the rotating frame state vector is:
The general solution, without RWA, to Eq.4 can be written in the form:
with the couplings described by
We consider g 0 to have a slower time-dependence compared to other characteristic timescales such as 1/ω and 1/g 0M , where g 0M is the peak value of g 0 . Under this condition, one can solve these equations by employing the method of adiabatic elimination, which is valid to first order in η≡(g 0 /4ω). As derived in refs. 8 and 9, the solutions are:
. To lowest order in η this solution is normalized at all times. Note that if Alice were to carry this excitation on an ensemble of atoms through for a π/2 pulse, and measure the population of the state |1> A immediately (at t=τ, the moment when the π/2 excitation ends), the result would be a signal given by [1+2ηSin(2ωτ+2φ)]/2, which contains information related to the amplitude and phase of her field.
Next, we consider the issue of exact time reversal of such an excitation. The Schroedinger eqn. (4) has the formal solution:
If the RWA is made, then H is time independent. In that case, if one starts an evolution at t 1 , proceed for any duration T, then reverses the sign of H by shifting the phase of the magnetic field by π, and continues with the evolution for another duration T, then the system returns back to the starting state. Here, however, RWA is not made, so that H depends on time. Therefore, the exact reversal can be achieved in this manner only if T=mπ/ω for any integer value of m.
Returning to the task at hand, our protocol starts by using a scheme, developed earlier by us 11 to produce a degenerate entanglement of the form |ψ>=(|1> A |2> B -|2> A |1> B )/√2. Next, Alice attenuates her field so that the counter-rotating term in the Hamiltonian can be ignored (this assumption is not essential for our conclusion, but merely simplifies the algebra somewhat), and excites a π-pulse coupling |2> A to |3> A , and then stops the excitation. Similarly, Bob uses a field, attenuated as above, to excite a π-pulse coupling |2> B to |3> B , and then stops the excitation. Using digital communications over a classical channel, Alice and Bob wait until they both know that these excitations have been completed. The resulting state is then given by : |ψ(t)>=[|1> A |3> B exp(-iωt-iχ) -|3> A |1> B exp(-iωt-iφ)]/√2. …(10) The next step is for Alice to make a measurement along the |1> A ↔|3> A transition. For this process, she chooses a much larger value of g o , so that the RWA can not be made. The state she wants to measure is the one that would result if one were to start from state |1> A , and evolve the system for a π/2 pulse using this stronger g o : where we have kept terms only to the lowest order in η. Of course, the value of φ(mod 2π), the phase difference, can not be determined from knowing Sin(2φ) alone. However, this whole process can be repeated after, for example, Alice shifts the phase of her B-field by π/2, so that Bob can determine the value of Cos(2φ). It is then possible to determine the value of φ (mod 2π) unambiguously. The overall process can be carried out in one of two ways. First, consider the situation where Alice and Bob starts with X pairs of atoms, and entangle each pair in the form of equation 13 . Then, over a digital communication channel, Alice sends Bob a list of the M atoms she found in state |1> A after performing her measurement process described above. Bob performs his measurement only on this subset of atoms. Suppose he finds L number of atoms in state |1> B . Then:
Thus, the value of η determined asymptotically for a large number of entangled pairs will reveal the value of Sin(2φ). Alternatively, if only a single pair of atoms is available, then the same result can be obtained by repeating the whole process X times, assuming that φ remains unchanged during the time needed for the process. Note that what is determined by Bob is φ, not Ω. Thus, it is not possible to measure the absolute phase difference in this manner. However, one could use this approach of phase teleportation in order to achieve frequency locking of two remote oscillators. This is illustrated in figure 2 . Briefly, assume that Bob has an array of N atoms. Assume further that Alice also has an identical array of atoms. For our protocol, the physical separations between the neighboring atoms do not have to match. In principle, one can create such an identical pair of arrays by embedding N rows of atoms (or quantum dots) in a substrate patterned lithographically, with two atoms in each row, and then splitting it in two halves. To start with, the corresponding atoms in each array are entangled with each other using the asynchronous approach of ref. 11 . Here, we assume that the two oscillators may differ in frequency. The frequency-locking algorithm then proceeds as follows. Alice and Bob both apply their fields parallel to their arrays of atoms, so that the phase variation is 2π over their respective wavelengths. After Alice makes her measurements of the state |+> A , using the same set of steps as described above, she informs Bob, over a classical communication channel, the indices of her atoms that were found in this state. Bob now measures the state |-> B for this subgroup of atoms only, using an analogous set of time-reversed excitation steps which ends in observing his atom in state |3> B . For a given atom in this subgroup, the phase of his field at that location at the time Bob starts the measurement affects the probability of success in finding the atom in state |3> B at the end of the measurement process. This phase is varied as Bob repeats the measurement for different measurement-starting-times (modulo 2π/ω B , where ω B is the frequency of Bob's oscillator). It is easy to show that there exists a choice of this phase for which the probability of success is 100%. However, the success probability for atoms (in the post-selection subgroup) would vary with location if the frequencies of Bob's and Alice's oscillators are not the same. This effect can be used by Bob to adjust his oscillator frequency, thereby achieving frequency locking. The Nyquist sampling criterion dictates that the number of atoms in this subgroup can be as low as only two, so that N can be quite small, thus making this protocol potentially practicable.
To summarize, previously we have shown how the phase of an electromagnetic field can be determined by measuring the population of either of the two states of a two-level atomic system excited by this field, via the so-called Bloch-Siegert oscillation. Here, we show how a degenerate entanglement, created without transmitting any timing signal, can be used to teleport this phase information. This in turn makes it possible to achieve wavelength teleportation, one possible application of which is frequency-locking of remote oscillators. 
